Deflections and stresses in an ice cover of a frozen channel caused by a load moving with a constant speed along the channel are studied. The channel is of rectangular cross section. The ice cover is isotropic and clamped to the walls of the channel. The fluid in the channel is inviscid and incompressible. The external load is modeled by a localized smooth pressure distribution moving along the central line of the channel. The ice cover is modeled as a viscoelastic plate. Deflection of the ice and strains in the ice plate are independent of time in the coordinate system moving together with the load. The effect of the channel walls on the ice response is studied. This effect can be significant in experiments with loads moving in ice tanks. The linear hydroelastic problem is solved by using the Fourier transform along the channel and the method of normal modes across the channel. It is found that the presence of the vertical walls of the channel reduces the ice deflection but increases the elastic strains in the ice plate. The effects of the load speed, width and depth of the channel on the hydroelastic response of the ice cover are studied in detail. In contrast to the problem of a load moving on ice sheets of infinite extent, there are infinitely many critical speeds of hydroelastic waves in a frozen channel. Correspondingly, there are many values of the speeds of a moving load at which the stresses in the ice cover are amplified. The obtained deflections and strains in the canned ice cover are compared with the corresponding solutions for the infinite ice plate and with the solutions of simplified problems without account for the dynamic component of the liquid pressure. It is shown that the models of ice response without hydrodynamic component of the pressure provide correct stresses in the ice sheet only for very low speeds of the moving load.
Introduction
The problem of ice deflection caused by a moving load was studied in the past for an infinite ice plate (see [1] for an excellent review of available results and approaches). The load moving at a constant speed along a straight line was modelled by a point pressure or a smooth and localised distribution of external pressure. The problem was investigated within the linear theory of hydroelasticity (see [1] [2] [3] [4] [5]) and 5 fully nonlinear model (see [6] [7] [8] [9] [10] ). Transient problems of moving loads with application to the aircraft landing on ice, in particular, were studied in [11] [12] [13] [14] [15] . The problem of loads moving Depending on environmental conditions and place on a river or offshore, where the ice have to be broken and removed, the "resonant method of icebreaking" is supplemented with some other techniques to increase the stresses in the ice. It is written in [25] : "traditional tools and technologies (icebreakers, icebreaking consoles, explosions, explosives charges, etc.) used to solve ice breaking problems often do not lead to appropriate results. Icebreakers and compounds with icebreaking prefixes are not able to destroy the ice 50 cover on shallow water, they are not effective in destructing ice jams and ice hanging dams. One of the ways to avoid these disadvantages is to use the resonance method, which reduces energy costs compared with existing methods." The success and effectiveness of this method depend on how well the ice response can be predicted for realistic conditions, including the presence of the ice boundaries. In [17] , page 23, it is reported that there is an optimum distance of the air-cushion vehicle trajectory from the sea coast, at 55 which less energy is required to break the ice. Several experimental campaigns and sea trials are described in [17] , however, not many results are reported in this book. The experiments were performed in ice tanks (see [17] , pages 147-155) aiming to investigate the effect of the tank vertical walls on the breaking capacity of a load moving along the artificial ice in the tank. The experimental results were compared with numerical predictions in [25] . The water depth was 10 cm, critical load speed was reported as 1 m/s and the distance 60 between the walls of the tank was varied from 20 to 70 cm. Dependence of the critical speed on the width of the channel was not taken into account. It was reported that the numerical results by a finite-element method are similar to the experimental results qualitatively but differ from them in magnitude due to the edge conditions at the walls. The elastic plate was loosely clamped to the walls in the experiments. Also experiments in an ice channel with a varying width and with a varying depth were performed to study landing of aircraft on ice in frozen bays and straits [17, 25] . It is mentioned also that the ice thickness is a very important parameter of experiments in ice channels. For ice thickness greater than 4mm, the presence of the vertical walls of the tank becomes important in the experiments described in [17] , page 210.
A finite-element method was used in [23] to investigate the response of an ice sheet to moving loads. The hydrodynamic pressure acting on the lower surface of the ice was described by vertical modes of the channel, 70 but the modes were not specified or explained. The linear problem of ice response was solved for each vertical mode. Calculations were performed for the ice tank of 10 m long and 4 m wide. The numerical results were compared with the results of experiments in terms of the ice deflection. The effect of the vertical walls of the channel on deflections was found to be significant. It was shown in [24] that the stresses and deflections of ice cover, which are caused by a load moving along the cover near vertical wall, strongly depend on the 75 distance of the load trajectory from the wall.
The hydroelastic waves in a frozen channel were investigated by Daly [26] and by Steffler and Hicks [27] in the one-dimensional approximation. Three equations of mass and momentum conservation, and the ice cover response were used in linearized form. The ice cover was modelled by elastic beam. The type of connection of the ice cover to the channel walls was not included in this one-dimensional model.
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To investigate the ice response in a channel for different speeds of the load, the critical speeds of the hydroelastic waves in the channel should be determined. For the one-dimensional model of ice cover in a channel [26, 27] and the ice plate of infinite extent [1] , there is only one dispersion relation between frequency and the length of hydroelastic wave and, correspondingly, only one critical speed. For a channel covered with ice, there are infinitely many dispersion relations and corresponding critical speeds [28] . The problem of 85 periodic progressive hydroelastic waves propagating along the channel was studied in [28, 29] . The ice cover clamped to the walls of the channel was studied in [28] and the free-free ice cover was considered in [29] .
The wave frequencies of progressive hydroelastic waves and the wave profiles were determined for given wave length along the channel. The linear problem of hydroelasticity was reduced to the problem of wave profile across the channel. The problem was solved by the normal mode method. The dispersion relations and 90 critical speeds of the propagating waves were determined. The first critical speed for the ice cover clamped to the channel walls was found to be slightly higher than that for the identical plate of infinite extent. It was concluded that strains reach their maximum at the walls for long waves and at the centre line of the channel for short waves. It was shown that the hydroelastic waves in the ice cover clamped to the walls propagate faster than for the free ice cover and are of higher frequency for the same wave length. In the present paper 95 it will be shown that the critical speeds of the hydroelastic waves in a frozen channel help to understand and predict the response of the ice cover to a moving load depending on its speed, as it has been done for ice plate of infinite extent (see [1] ).
It was observed [30, 31] that flexural waves, which are caused by a vehicle moving across a thin elastic plate, occur if the speed of the vehicle exceeds the minimum c min of the phase speed of elastic-gravity 100 free waves in the plate. The plate response is approximately quasi-static for lower speeds of the vehicle.
It was concluded in [31] that "The amplified response at the critical speed V = c min corresponds to an accumulation of energy underneath the source, since c min coinsides with the group speed." Some observed features of hydroelastic waves cannot be explained within the linear elastic theory: damping of waves with distance from the source [31] and the lag of the position of maximum depression immediately behind the 105 source [32] . These effects are attributed to the viscoelastic damping of ice response [31, 32] .
Viscoelastic properties of the sea ice were investigated by Tabata [33] . He performed experiments with rectangular ice beams depressed under static loads, and obtained stress-time curves. By analysing these curves Tabata concluded that "viscoelastic properties of sea ice are analogous to a rheological model of Maxwell unit and a Voigt (Kelvin) unit connected in series. Therefore, viscoelastic properties of sea ice can 110 be expressed by four characteristic constants." A two-parameter viscoelastic model was used by Hosking et al. [31] . The Maxwell and Kelvin-Voigt models of viscoelastic ice were studied in [25] . The theoretical predictions of the ice response caused by a moving load within these two models and their combinations were compared with available experimental results. To improve the theoretical predictions, it was suggested to consider parameters in both models as functions of the speed of the load.
Kozin [23] . The retardation time was varied from 3 to 10 seconds in [23] to fit the experimental deflections.
The experimental and numerical results of [23] showed that the magnitude of the stresses is dependent on the value of the retardation time but the critical speed of the ice plate is less sensitive to this value.
The stress-strain relation of the Kelvin-Voigt model is rather simplified (see [1] for more advanced models 125 of viscoelastic ice). However, the present study is focused on the effect of the channel walls on the stresses in the ice cover of the channel. The simple Kelvin-Voigt model can be readily replaced with a more accurate one within the present approach.
The present paper is concerned with viscoelastic response of the ice cover in a channel caused by an external load moving with constant speed along the centreline of the channel. The ice cover is uniform 130 through its thickness. The problem is considered in the coordinate system moving together with the load.
The response of the ice cover is stationary in this system within a viscoelastic plate model. The problem is solved using the Fourier transform along the channel. The transformed function of the ice deflections is complex-valued due to the viscoelastic effect. The profile of the ice deflections across the channel is determined by the normal mode method for each value of the parameter of the Fourier transform. This 135 approach leads to the linear algebraic system with respect to complex principal coordinates of the normal modes. The right-hand side of the system depends on the magnitude and distribution of the moving load.
The matrix of this system was studied in [28] for zero retardation time. The eigenvalues of the matrix, which provide dispersion relations of the hydroelastic waves in the channel, and the corresponding eigen vectors, which provide the profiles of the hydroelastic waves across the channel, were determined and investigated.
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The system is truncated and solved numerically. The deflection of the ice cover and the bending stresses in it are obtained numerically by the inverse Fourier transform.
The influence of the physical parameters of the problem, such as the speed of moving load, the width of the channel, the damping coefficient and others on the hydroelastic response of the ice plate is studied. We assume that the ice plate breaks there and then, where and when the maximum strain in the plate approaches 145 an yield value. The yield strain value, the retardation time and other characteristics of the ice are assumed to be determined from experiments for real ice conditions. It is shown that the highest strains in the ice cover occur for the speed of the moving load being close to the lowest critical speed of the hydroelastic waves in the channel. If the load speed is close to other critical speeds in the channel, the stresses in the ice cover are also amplified but their maxima are smaller than the maximum stress for the lowest critical speed within Obtained results can be used for developing technologies of both icebreaking between vertical walls and safe transportation on ice along frozen waterways.
The problem formulation and general assumptions are given in Section 2. The method of solution by using the Fourier transform and normal mode decomposition is presented in Section 3. Numerical results are 160 reported and discussed in Section 4. Two simplified models are introduced and verified against the complete hydroelastic model in Section 5. The conclusion are drown in Section 6.
Formulation of the problem
The deflection of an ice sheet caused by the motion of an external load in the positive x-direction along a channel is considered. The channel is of rectangular cross section with depth H and width 2L. The channel 165 is of infinite extent in the x-direction (see Figure 1) . The channel is occupied with the liquid of density ρ l .
The liquid is inviscid and incompressible. The liquid is covered with the ice sheet of constant thickness h i and rigidity D = Eh of the ice sheet. The resulting deflection of the ice sheet, z = w(x, y, t), is to be determined for the given load and given speed of its motion U along the channel. The problem of deflection of the ice sheet in the channel is formulated within the linear theory of hydroelasticity [1] . The deflection of the ice sheet w(x, y, t)
is described by the equation of thin viscoelastic plate [34] 
M w
where τ = η/E is the retardation time, η is the viscosity of the ice,
is the mass of the ice plate per unit area, ρ i is the ice density, p(x, y, 0, t) is the hydrodynamic pressure acting on the lower surface of the ice plate, P (x, y, t) is the external pressure and t is the time. The external pressure P (x, y, t) moves along the central line of the channel and is described by
where c 1 and c 2 are non-dimensional parameters of the external load characterizing the size of the pressure 175 area. We restrict ourselves here to symmetric loads, however, the analysis can be readily extended to loads moving closer to one of the walls and to asymmetric loads.
The hydrodynamic pressure on the ice-liquid interface is given by the linearised Bernoulli equation,
where g is the gravitational acceleration and ϕ(x, y, z, t) is the velocity potential of the flow beneath the ice cover. The velocity potential ϕ(x, y, z, t) satisfies Laplace's equation in the flow region and the boundary
The ice sheet is frozen to the walls, which is modelled by the clamped conditions
The term with τ ∂/∂t in the equation of viscoelastic plate (1) describes the damping of ice plate oscillations, so hydroelastic waves decay far away from the moving load, where | x| → ∞.
The formulated problem is considered in non-dimensional variables denoted by tilde. The half-width of the channel L is taken as the length scale, the ratio L/U as the time scale, and the pressure magnitude P 0 as the pressure scale. The non-dimensional depth of the channel H/L is denoted by h. The moving coordinate system ( x, y, z) with the origin at the centre of the load is introduce by
We are concerned with a steady-state solution in the moving coordinate system,
where w sc and ϕ sc are the scales of the ice deflection and the velocity potential correspondingly. The scales 180 are chosen as w sc = P 0 /(ρ l g) and ϕ sc = (U P 0 )/(ρ l g).
In the non-dimensional variables the problem reads (tildes are omitted below)
w, ϕ → 0 (|x| → ∞).
Here
The solution of the problem (6)- (10) depends on seven non-dimensional parameters h, α, β, ε, Fr, c 1 and c 2 which describe the aspect ratio of channel, characteristics of ice and of the applied load. We shall determine the deflection w and strain distribution in the ice sheet for some given values of these parameters.
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In the linear theory of hydroelasticity, the strains vary linearly through the ice thickness being zero at the middle of the plate thickness. At any location, the maximum strain is achieved at the surface of the ice.
We are concerned only with positive strains which correspond to elongation of the ice surface and tensile stresses in the ice. The scale of the strains is taken as h i P 0 /(2ρ l gL 2 ). The strain tensor is given by
where ζ is the non-dimensional coordinate across the ice thickness, −1 ≤ ζ ≤ 1. The tensor (11) describes the strain field in the ice sheet. To find the maximum strain in the ice sheet we need to find the eigenvalues of the strain tensor at each location. The strains are proportional to the magnitude P 0 of the external load within the linear theory. The linear theory of hydroelasticity can be used when w 2 x + w 2 y is small and the strains in the ice sheet are below the yield strain ǫ cr of the ice.
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The yield strength of a material is defined as the strain ǫ = ǫ cr at which a material begins to deform plastically [36] . We require that the strains in the ice sheet are below the yield strain of ice, to prevent our visco-elastic model from becoming unrealistic; any strains greater than the yield strain ǫ cr are assumed to lead to ice fracture. Squire [37] studied break-up of sea ice within a linear viscoelastic model. The theoretical predictions were found to be in agreement with the experimental results by Goodman et al. [38] , 195 who measured the strains in sea ice with the wire strainmeter. The observed fracture strain was reported as 3 · 10 −5 , and the theory predicts ice fracture if the strain reaches 4.3 · 10 −5 . Squire and Martin [39] determined the fracture strain for Bering Sea ice to be 4.4 − 8.5 · 10 −5 . In this study we use the estimate ǫ cr = 8 · 10 −5 (see [24] and discussion of this value there).
The formulation of the problem (6)- (10) can be related to the problem of progressive hydroelastic waves 200 in a frozen channel, which was studied in [28] . Consider a wave with a frequency ω and a wave number k. In the coordinate system moving at the phase speed, U = ω/k, the hydroelastic wave is stationary, w(x, y), and periodic along the channel, w(x, y) = F (y, k) cos(kLx). Substituting this form of the deflection in (6)- (9), setting ε = 0, and omitting both the far-field condition (10) and the external load, we arrive at the eigen value problem with respect to the wave profile across the channel, F (y, k), and the dispersion relations between the 205 wave frequency ω and the wave number k. There are infinite number of such dispersion relations, ω = ω n (k),
where n ≥ 1 and ω n+1 (k) > ω n (k) for k > 0, and infinite number of the corresponding hydroelastic waves with the profiles F n (y, k) [28] . In the present problem with stationary deflection in the moving coordinate system, only progressive hydroelastic waves with phase speed equal to U contribute to the ice deflection. For each value of the load speed U only a finite number of hydroelastic waves and only the waves with certain 210 wave numbers contribute to the stationary ice deflection (see figure 6b in [28] ). This relation between the present problem and progressive hydroelastic waves will be used in section 4 for interpretation of the obtained numerical results for the deflection of the ice cover near the moving load. Below the hydroelastic wave with the dispersion relation ω = ω n (k) is referred to as the n-th wave propagating along the channel.
Solution of the problem
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The coupled problem (6)- (10) is solved with the help of the Fourier transform in the x direction. The plate equation (6) provides
where
It is convenient to introduce the eigen modes ψ j (y) of one-dimensional clamped beam and seek w F (ξ, y)
in the form of the series
with the coefficients a j (ξ) to be determined. The decomposition (13) was used in [28] to determine the dispersion relations of hydroelastic waves propagating along the frozen channel. The modes ψ j (y) are nonzero solutions of the eigen-value problem
In the present problem of a symmetric load moving along the central line of the channel, the solution is even in y, so we need only the even modes ψ j (y):
where λ j are the solutions of the equation tan
where ∆ j → 0 as j → ∞. The modes (15) are orthonormal.
Substituting series (13) in the equation (12), multiplying both sides of the equation by ψ m (y), m ≥ 1, integrating the result in y from −1 to 1, and using (14), we arrive at the infinite system of algebraic equations
The functions φ j (y, z, ξ) are the solutions of the following boundary-value problems
The variable ξ of the Fourier transform plays the role of a parameter here. The integrals C mj and M mj (ξ)
were calculated in [28] . Coefficients P * m are evaluated analytically for the function P 2 (y) given by (2). The system (16) can be written in the matrix form
The eigen values of the matrix A with ε = 0 were studied in [28] . These eigen values provide the dispersion relations of hydroelastic waves in the channel.
To solve equation (17) we distinguish the real and imaginary parts of the vector a, a = a R +i a I . Note that all other vectors and elements of the matrices in (17) are real, which provides the system of nonhomogeneous equations with respect to a R and a I with symmetric matrices. In the present problem, P 
where the functions a R j (ξ) and a I j (ξ) are calculated as solutions of (17) at ξ = ξ n , 1 ≤ n ≤ N ξ , ξ 1 = 0, with a step ∆ξ.
The infinite series in (18) is truncated to N mod terms and the integrals are approximated by
The integrals in (20) are evaluated by using the linear interpolations of a R j (ξ) and a
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In order to investigate the dependences of the deflections of the ice cover and stresses in it on the width of the channel, the obtained results are compared with the corresponding results for the ice sheet of infinite extent. The corresponding solution w ∞ (x, y) for the infinite ice plate and the same external load (2) is obtained by applying the Fourier transform in y to equation (12) . Then
The integrals in (21) are evaluated in the same way as the integrals in (18).
Numerical results
The hydroelastic behaviour of the ice cover in a channel, which is caused by a moving load, is investigated numerically for a freshwater ice with density ρ i = 917 kg/m 3 , Young's modulus E = 4. corresponds to the wave length of 14.6 m which is equal to the distance between two subsequent peaks of ice deflection in Figure 3 . Note that the module of the strains is shown in Figure 3b . Therefore, the load moving at U = 7 m/s generates the first hydroelastic wave which is stationary in the moving coordinate system and the amplitude of which decay with the distance from the load due to the viscoelasticity of the ice. The deflections and strains in the plate are very small at the distance 20 m behind the load in both 270 cases. The maximum strain is achieved on the central line in the place of the load for the subcritical speed but on the wall for the supercritical speed of the load. The strains are scaled with ε sc = h i P 0 /(2ρ l gL 2 ). For the yield strain 8 × 10 −5 (see [35] ), we calculate that the ice is likely to fracture for U = 3 m/s in the area of the load for the load magnitude P 0 greater that 4 kPa. Correspondingly for U = 7 m/s (see Figure 3 ) the ice is likely to break from the wall but also for P 0 greater than 4 kPa. 
Simplified models of ice-fluid interaction
The problem under consideration can be simplified by neglecting the hydrodynamic pressure p(x, y, 0, t) in the equation of the ice plate deflection (1), or by neglecting the dynamic component, −ρ l ϕ t , in the linearised Bernoulli equation (3). The first simplified model corresponds to a dry ice plate clamped to the vertical walls without water beneath the plate. It will be referred to as the Dry-Plate Model (DPM). This model can provide a reasonable approximation of the plate response for very thick ice covers or narrow channels.
In the second simplified model, only the hydrostatic component, −ρ l gw, of the liquid pressure is taken into account. This model is referred to as the HydroStatic Model (HSM). This model can be acceptable for very small speeds of the external load moving along the channel, when the dynamic component of the liquid pressure can be neglected. The ice response in both simplified models is described by the equations (1), (2), (4) and (5), where the pressure p(x, y, 0, t) in (1) is given by p = 0 for DPM and p = −ρ l gw(x, y, t) for HSM.
The original fully coupled HydroDynamic Model (1) - (5) is referred to as HDM below. The corresponding simplified problems are solved by the method of section 3, with the matrix equation (17) being simplified to
HSM :
The added-mass matrix M does not appear in both simplified models, which significantly simplifies computations. Comparing the solutions obtained by using the simplified equations (22) and (23) with the solution based on the complete equation (17) in terms of the plate deflection and stresses in the ice plate for the same conditions, we can conclude about importance of the hydrodynamic pressure and its dynamic 340 component on the ice response. The approximate models DPM and HSM are also compared with the complete model in terms of the matrices of the systems (22), (23) and (17) . Setting ε = 0 and equating the determinants of these matrices to zero, we arrive at the corresponding dispersion relations which can be interpreted in terms of the frequency ω and the wave number k of a hydroelastic wave propagating along the channel. Calculating the phase and group velocities of these waves, we obtain the critical speeds of the 345 moving load within the original and simplified models. The analysis of the previous sections show that the critical speeds of the waves in the ice sheet are important for predicting response of the ice sheet to moving loads.
The problem of periodic hydroelastic waves propagating along a channel covered with an ice sheet is considered in the non-dimensional variables. The wave amplitude A is taken as the deflection scale, the product ALω is taken as the scale of the velocity potential, where L is the half-width of the channel and ω is the wave frequency. The time scale is 1/ω and the length scale is L. The propagating waves are described by equations (1) - (5), where τ = 0, P = 0 and
see [28] . Here k = κ/L is the corresponding wave number and Φ is the complex-valued potential which satisfies the Helmholz equation
and the boundary conditions (4). Substituting (24) in (1), we obtain the equation
with respect to the wave profile across the channel, F (y), where γ = Lω 2 /g.
The solution of the equation (25) is obtained by the method of section 3 with F (y) represented by series (13) but without using the Fourier transform. The corresponding matrix equation reads
where a = (a 1 , a 2 , ...) T , T is the diagonal matrix with the elements
, the matrix
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C and the eigen-values λ j are defined is section 3. The matrix P l in (26) is zero for the model DPM, is diagonal, P l = −1/γI, for the model HSM, and includes the added-mass matrix M for the complete model
.., are obtained as the roots of the determinant of the matrix in (26) . This matrix multiplied by β is equal to the matrix of the system (17) and to the corresponding matrices in (22), (23) for the simplified models if we set γ = hFr 2 ξ 2 and the determinant of the matrix A in system (17) with τ = 0 is equal to zero at such ξ that the speed of the load U is equal to the corresponding phase speed c (n) (ξ) = ω n (ξ)/ξ for a certain n. Correspondingly, the critical speeds of the load, U (n) crit , are equal to the minimum values of the phase speeds c (n) (ξ). Note that the minimum values of the phase speeds are equal to the corresponding values of the group speeds,
The dispersion relations for the complete model HDM were studied in [28] . In this section, we start with the dispersion relations for the models DPM and HSM, and compare the obtained results, ω DPM n (k) and
The numerical analysis of this section aims to investigate the effects of the components of the liquid pres-365 sure on the hydroelastic waves. The numerical study is performed for the same values of the characteristics of the ice plate, channel and moving load specified in section 4, unless other values of these characteristics are specified. The hydroelastic propagating waves in the model HDM exist for any frequency ω because ω 1 (0) = 0.
However, these waves exist only for ω > 3.82 sec where the index 1 stand for the first hydroelastic wave. Note that the ice cover can be modelled as an elastic plate only for waves which are much longer than the ice thickness h i , say λ > 10h i . This restriction yields k < π/(5h i ), which gives k < 6.5 m −1 for h i = 10 cm and k < 0.65 m −1 for h i = 1 m. The Figure 12 shows that the dynamic interaction between the ice cover and the liquid in the channel makes the hydroelastic 375 waves longer and permits waves with any frequencies, in contact to the simplified models DPM and HSM. The phase speeds, c (n) (k) = ω n (k)/k, are shown in Figure 13a for the first (n = 1) and second (n = 2) waves propagating along the frozen channel. Note that the critical speed in the model HSM is about 7.5 times higher than the critical speed in the complete model HDM and is about 1.5 times higher than the critical speed of the "dry" plate. Therefore, both simplified models significantly overpredict the critical speeds. Figure 13b shows that the group speed of the first hydroelastic wave is very close to the phase speed in HDM for long waves (k ≤ 0.2m −1 ) and is approximately equal to the critical speed 5.38m/s. This result is not valid for the simplified models which
The computations performed with a low number of terms in the series (13) show that the single-mode approximation for the first hydroelastic wave and the two-mode approximation for the second hydroelastic wave in the complete model HDM provide the dispersion relations, group and phase speeds which well approximate the results obtained with large numbers of modes, N mod = 15, in (13) . The single-mode approximation and the two-mode approximation of the dispersion relations are computed by using the following equations
These equations are obtained from (26) with only one (first) mode in the series (13) for the single-mode approximation (26) and with the first two modes in the series (13) for the two-mode approximation. Note that the approximate values of γ and consequently ω 1 (k) are given explicitly by (27) . To find ω 2 (k), we need to solve the quadratic equation (28). Equation (27) provides that ω One may expect that the simplified models approximate better the dispersion relations and the phase speeds of the hydroelastic waves in the channel for thicker ice plates. Figure 14 shows that this is not the case. The dispersion relations and phase speeds of the first hydroelastic wave in the models HDM, HSM and DPM for different thicknesses of the ice cover, h i , are shown in Figure 14 . The ice thickness varies 400 from 10 cm to 100 cm. The frequency ω 1 (k) increases with increase of the ice thickness for these models.
The Figure 14 demonstrates that the dynamic component of the liquid pressure is an important factor in predicting hydroelastic waves in the ice cover for any thickness of it. The frequencies and the phase speeds predicted by HSM and DPM indeed approach each other with increasing the ice plate thickness. However the difference between the predictions by the complete model HDM and the simplified models increases with 405 increase of the ice thickness for long waves.
The convergence of the wave frequency of the first wave, ω 1 (k), as the length of the wave decreases, k → ∞, is shown in Figure 15 
The dispersion relation ω HDM (k) can be approximated by the dispersion relation ω HSM (k) if kh i ≫ 1, which gives h i /λ ≫ 1/2π, where λ is the wave length. However, the thin plate model of ice cover can be used only for wave length λ much larger than the ice thickness, h i , say, for λ > 10h i . The inequality h i /λ ≫ 1/2π
does not hold for such long hydroelastic waves. Therefore, ω HSM (k) cannot approximate ω HDM (k) within the thin plate model of ice. This is a consequence of the fact that the densities of the ice and water are close However, the simplified models can be used for the analysis of ice response caused by a moving load. The deflections and strains predicted by the complete and simplified models are shown in Figure 16 The maximum strain is achieved on the central line of the channel for subcritical speeds, U < U (1) crit , but on the walls for critical and supercritical speeds, U ≥ U (1) crit . The critical speeds, U (n) crit , depend on both the width and depth of the channel, increasing with the depth and decreasing with increase of the distance 455 between the channel walls. This implies that for a vehicle moving along a frozen channel of slowly varying depth at a constant speed, the ice can be broken in the place of small depth even the transportation is safe in places of larger depth of the channel. Correspondingly, an aircraft landing on a frozen converging bay with decreasing speed can be dangerous if the speed of the aircraft becomes close to the local critical speed.
For example, Figure 11 shows that landing on a converging bay of depth 2 m with thickness of ice cover 460 10 cm at speed 10 m/s is safe far from the shore, where the bay is wide. However, the ice can be broken closer to the shore, where the distance between the bay banks is about 9 m and the local critical speed is close to the speed of the aircraft.
The ice model in the present study is simplified and does not account for several important properties of ice covers such as nonuniformity of the ice through its thickness and along the channel. It has been shown that the critical speeds increase with increase of the ice thickness (see Figure 14b) . If the ice thickness decreases along the channel from 1 m to 0.5 m and a vehicle moves at speed 30 m/s, then the ice can be broken there, where the local critical speed is close to 30 m/s. Note that, in this case, the stresses are maximum at the walls but not under the vehicle (see Figure 4b ). This means that the vehicle may pass the dangerous place in the channel safely because the ice will detach from the wall and the stresses in the ice 470 plate will be released.
The maximum strains in the ice plate strongly depend on the retardation time τ and increase with decrease of the retardation time. This parameter describes how quickly disturbances decay in ice with the distance from a source and in time. The values of this parameter can be estimated using field measurements.
The stresses in the ice cover are limited when a vehicle moves on the ice even at a critical speed. This is due to the viscoelastic properties of the ice and non-linear interaction between the ice cover and water in the channel. It has been found that the damping effects are of major importance when the speed of the vehicle is greater than the first critical speed, U (1) crit , in the channel. As to the first critical speed, both non-linearity and damping can be responsible for finite stresses when the vehicle speed is close to U This inequality implies that the non-linear effects can be dominant for wide channels (large L), heavy weight of the moving vehicle (large P 0 ), deep channels (large U
crit ), ice covers of small thickness h i , ice with small Young's modulus E and small retardation time τ . For the conditions of Figure 4 with P 0 = 210 N/m 2 , which is higher than the limit 206 N/m 2 evaluated for these conditions, the non-linear effects provide the 475 contribution to the maximum strain comparable to the contribution from the viscoelasticity of the ice, if the retardation time is smaller than 0.03 s. Note that, in the experiments reported in [23] , the retardation time of the ice in the ice tank was estimated in the range from 3 to 10 seconds. In summary, even if the non-linear effects are important for the infinite ice sheet, they could be negligible for the ice response to the same load but in a channel, where the viscoelastic effects may dominate.
480
The value of the retardation time determines whether the ice will break or not. Therefore we need to consider practically justified ranges of the ice parameters to draw a conclusion about ice fracture or yield. The approach of this paper makes it possible to incorporate in the analysis more realistic models of viscoelastic ice as that derived by Tabata [33] without difficulties.
Only symmetric, even in y across the channel, deflections of the ice sheet were studied in this paper.
485
Asymmetric, odd in y, responses of the ice cover between the vertical walls are investigated by the same method using odd solutions (modes) of the problem (14) . Both even and odd propagating hydroelastic waves in a channel were studied in [28] . 
